Background and motivation
Let G be a d-dimensional p-adic Lie group, and let k be any field. We denote by Mod k (G) the category of smooth G-representations in k-vector spaces. It obviously has arbitrary direct sums. If the characteristic of k does not divide the pro-order of I then the functor H 0 is exact. Then ind G I (1) is a projective compact object in Mod k (G). Since it does not generate the full category Mod k (G), one cannot apply the Gabriel-Popescu theorem (compare [Kashiwara and Schapira 2006, Theorem 8.5 .8]) to the functor H 0 . Nevertheless, in this case, one might hope for a close relation between the categories Mod I k (G) and Mod(H I ). This indeed happens, for example, for a connected reductive group G and its Iwahori subgroup I and the field k = ‫;ރ‬ compare [Bernstein 1984, Corollary 3.9(ii) ]. In addition, in this situation the algebra H I turns out to be a generalized affine Hecke algebra so that its structure is explicitly known. Therefore, in characteristic zero, Hecke algebras have become one of the most important tools in the investigation of smooth G-representations.
In this light, it is a pressing question to better understand the relation between the two categories Mod k (G) and Mod(H I ) in the opposite situation where k has characteristic p. Since p always will divide the pro-order of I, the functor H 0 certainly is no longer exact. Both functors H 0 and T 0 now have a very complicated behavior and little is known [Koziol 2014; Ollivier 2009; Ollivier and Schneider 2015] . This suggests that one should work in a derived framework which takes into account the higher cohomology of I. This paper will demonstrate that by doing this -not in a naive way but in an appropriate differential graded context -the situation does improve drastically. We will show the somewhat surprising result that the object ind G I (1) becomes a compact generator of the full derived category of G provided I is a torsionfree pro-p-group.
The main result of this paper was proved already in 2007 but remained unpublished. At the time, we gave a somewhat ad hoc proof. Although the main arguments remain unchanged we now, by appealing to a general theorem of Keller, have arranged them in a way which makes the reasoning more transparent. In the context of the search for a p-adic local Langlands program, there is increasing interest in studying derived situations; see [Harris 2015] . We also have now [Ollivier and Schneider 2015] the first examples of explicit computations of the cohomology groups H i (I, ind G I (1)). I hope that these are sufficient reasons to finally publish the paper.
The unbounded derived category of G
We assume from now on throughout the paper that the field k has characteristic p and that I is a torsionfree pro-p-group. Let us first of all collect a few properties of the abelian category Mod k (G).
, it has arbitrary colimits and filtered colimits are exact.
(ii) Mod k (G) is (AB3*), i.e., it has arbitrary limits.
(iii) Mod k (G) has enough injective objects.
(iv) Mod k (G) is a Grothendieck category, i.e., it satisfies (AB5) and has a generator.
Proof. (i) This is obvious.
(ii) Take the subspace of smooth vectors in the limit of k-vector spaces. (iii) This is shown in [Vignéras 1996, §I.5.9] . Alternatively, it is a consequence of (iv); compare [Kashiwara and Schapira 2006, Theorem 9.6 .2].
(v) Since I is pro-p, where p is the characteristic of k, the only irreducible smooth representation of I is the trivial one.
(iv) Because of (i) it remains to exhibit a generator of Mod k (G). We define is exact and respects injective objects. The latter is a consequence of the fact that compact induction
is an exact left adjoint; compare [Vignéras 1996, §I.5.7] . Hence the higher derived functors of the composed functor
are given by V −→ H i (I, V | I ) and vanish in degrees > d. It follows that the total right derived functor
between the corresponding (unbounded) derived categories exists [Hartshorne 1966, Corollary I.5.3] .
To compute R H 0 (I, · ), we use the formalism of K-injective complexes as developed in [Spaltenstein 1988] . We let C(Mod k (G)) and K (Mod k (G)) denote the category of unbounded complexes in Mod k (G) with chain maps and homotopy classes of chain maps, respectively, as morphisms. The K-injective complexes form a full triangulated subcategory K inj (Mod k (G)) of K (Mod k (G)). Exactly in the same way as [op. cit., Proposition 3.11] one can show that any complex in C(Mod k (G)) has a right K-injective resolution (recall from Lemma 1(ii) that the category Mod k (G) has inverse limits). Alternatively, one may apply [Serpé 2003, Theorem 3.13] or [Kashiwara and Schapira 2006, Theorem 14.3 .1] based upon Lemma 1(iv). The existence of K-injective resolutions means that the natural functor
is an equivalence of triangulated categories. We fix a quasi-inverse i of this functor. Then the derived functor R H 0 (I, · ) is naturally isomorphic to the composed functor
with the middle arrow given by
Explanation. Let V • be a complex in C(Mod k (G)). To compute R H 0 (I, · ) according to [Hartshorne 1966 ], one chooses a quasi-isomorphism V
• − → C
• into a complex consisting of objects which are acyclic for the functor H 0 (I, · ). On the other hand, let V • − → A
• be a quasi-isomorphism into a K-injective complex. By [Spaltenstein 1988 , Proposition 1.5(c)] we then have, in
We claim that the induced map
By [Spaltenstein 1988, Proposition 1.5(b) ], the composite is an isomorphism in K (Mod k (G)) and hence induces a quasi-isomorphism (A
But by [Hartshorne 1966 , Theorem I.5.1 and Corollary I.5.3(γ )], the composite C
Lemma 3. The (hyper)cohomology functor H (I, · ), for any ∈ ‫,ޚ‬ commutes with arbitrary direct sums in D(G).
Proof. First of all we observe that the cohomology functor H (I, · ) commutes with arbitrary direct sums in Mod k (G) [Serre 1994, §I.2.2, Proposition 8] . This, in particular, implies that arbitrary direct sums of
j∈J be a family of objects in D(G), where we view each V • j as an actual complex. Then, according to Remark 2, the direct sum of the V
By the preliminary observation, the direct sum map
again is a quasi-isomorphism where all terms of the target complex are H 0 (I, · )-acyclic. We therefore obtain
As usual, we view Mod k (G) as the full subcategory of those complexes in D(G) which have zero terms outside of degree zero.
Proof. We have to show that the functor Hom D(G) (ind
where the first identity uses [Spaltenstein 1988, Proposition 1.5(b) ]. The claim therefore follows from Lemma 3. [Schneider 2011, Lemma 19.8] . This implies that:
we need to consider the left exact functors Hom Mod
For any j ∈ ‫,ގ‬ we have the short exact sequence
The associated long exact Ext-sequence therefore reads
By induction with respect to j, we deduce that:
It follows that the total right derived functors R Hom Mod k (I ) ( /m j , · ) on D(I ) exist. More explicitly, let E • be any complex in D(I ) and choose a quasi-isomorphism E • − → C
• into a complex consisting of H 0 (I, · )-acyclic objects. It then follows that we have the short exact sequence of complexes
Suppose now that RH 0 (I, E • ) = 0. This means that the complex (C • ) I is exact. By induction with respect to j, we obtain the exactness of the complex
for any j ∈ ‫.ގ‬ Hence C
• and E • are exact.
Proposition 6. ind Proof. By (1) we have 
The Hecke DGA
In order to also "derive" the picture on the Hecke algebra side we fix an injective resolution ind
) and introduce the differential graded algebra
for a = (a q ) ∈ H n I and multiplication
compare [Hartshorne 1966, §I.6 ]. In particular, • be a homotopy equivalence inducing the identity on ind G I (1) with homotopy inverse g. We form the differential graded algebra
(with respect to componentwise multiplication) and consider the commutative diagram 
are equivalences of triangulated categories. There is the following pair of adjoint functors
is a quasi-isomorphism. But the left hand term is a differential graded left H
• I -module in a natural way. In fact, we have the functor
into the homotopy category K (H 
then is commutative up to natural isomorphism.
For the functor T in the opposite direction we first note that I • is naturally a differential graded right H • I -module so that we can form the graded tensor product
• with any differential graded left H
. This tensor product is naturally a complex in C(Mod k (G)). We now define T to be the composite [Bernstein and Lunts 1994, Corollary 10.12.2.9] .
The usual standard computation shows that T is left adjoint to H.
The main theorem
We need one more property of the derived category D(G).
Lemma 8. The triangulated category D(G) is algebraic.
Proof. The composite functor
is a fully faithful exact functor between triangulated categories. Hence, the assertion follows from [Krause 2007, Lemma 7.5 ].
In view of Lemmas 4 and 8 and Proposition 6, all assumptions of Keller's theorem [1994, Theorem 4.3; 1998, Theorem 3.3(a) ] (compare also [Bondal and van den Bergh 2003, Theorem 3.1.7] ) are satisfied and we obtain our main result. The subcategory D(G) c should be viewed as the analog of the subcategory of perfect complexes in the derived category of a ring; compare [Keller 1998, Lemma 1.4] .
Another important subcategory of D(G) is the bounded derived category
Correspondingly we have the full subcategory
= 0 for all but finitely many j ∈ ‫.ޚ‬ Since I has finite cohomological dimension, the commutative diagram (2) shows that H restricts to a fully faithful functor
On the other hand, the behavior of the functor T is controlled by an Eilenberg-Moore spectral sequence
[May, Theorem 4.1]. This suggests that, except in very special cases, the functor T will not preserve the bounded subcategories. Using the I -equivariant linear map
we obtain the map
The last equality in this chain comes from the universal coefficient theorem, which is applicable since I as a Poincaré group [Lazard 1965, Théorème V.2.5 .8] has finite cohomology H * (I, ‫ކ‬ p ). Of course, as a ring H I is a right module over itself. For our purposes, we have to consider a modification of this module structure which is specific to characteristic p. As a k-vector space ind G I (1) I = H I has the basis {χ I x I } x∈I \G/I consisting of the characteristic functions of the double cosets I x I. If we denote the multiplication in the algebra H I , as usual, by the symbol " * " for convolution, then in this basis it is given by the formula χ I x I * χ I h I = y∈ I \G/I c x,y;h χ I y I , where the coefficients are c x,y;h = (χ I x I * χ I h I )(y) = y∈G/I χ I x I (g)χ I h I (g −1 y) = |I x I ∩ y I h −1 I /I | · 1 k , with 1 k denoting the unit element in the field k. Of course, for fixed x and h we have c x,y;h = 0 for all but finitely many y ∈ I \G/I. But I x I ∩ y I h −1 I = ∅ implies I x I ⊆ I y I h −1 I ; by compactness, the latter is a finite union of double cosets. Hence, also for fixed y and h, we have c x,y;h = 0 for at most finitely many x ∈ I \G/I. It follows that by combining the transpose of these coefficient matrices with the antiautomorphism
we obtain through the formula This, of course, is valid with integral coefficients (instead of k). Moreover, |I x I /I | is always a power of p. It follows that over any field of characteristic different from p one has H τ I ∼ = H I . It also follows that c x,y;h = c y, x;h −1 whenever both are nonzero.
It is straightforward to check that
holds true for any φ ∈ ind G I (1) and any h ∈ G. Hence, π I : ind The map π I restricts to
Since H * (I, · ) commutes with arbitrary direct sums it therefore suffices to show that the map
is bijective. Using Shapiro's lemma this latter map identifies (compare [Serre 1994, §I.2.5] ) with the corestriction map
which for Poincaré groups of dimension d is an isomorphism of one dimensional vector spaces [op. cit., (4) on p. 37].
5.2. The easiest example. As an example, we will make explicit the case where G = I = ‫ޚ‬ p is the additive group of p-adic integers, which we nevertheless write multiplicatively with unit element e. In order to distinguish it from the unit element 1 ∈ k we will denote the multiplicative unit in ‫ޚ‬ p by γ. Let denote the completed group ring of ‫ޚ‬ p over k. We have:
(a) The category Mod k (G) coincides with the category of torsion -modules.
(b) Sending γ − 1 to t defines an isomorphism of k-algebras ∼ = k [[t] ] between and the formal power series ring in one variable t over k.
For any V in Mod k (G) we have the smooth G-representation C ∞ (G, V ) of all V-valued locally constant functions on G, where g ∈ G acts on f ∈ C ∞ (G, V ) by g f (h) := g( f (g −1 h)). One easily checks:
(e) The short exact sequence
In particular, F γ = γ * . Sending g to F g defines an isomorphism of k-algebras
Obviously ind G I (1) = k is the trivial G-representation. By (3) we may take for I
• the injective resolution
and multiplication
We view the bottom row as the differential graded algebra of dual numbers k[ ]/( 2 ) in degrees 0 and 1 with the zero differential. It is easy to check that the vertical arrows in the above diagram constitute a quasi-isomorphism of differential graded algebras. In particular, this says that H
• I is quasi-isomorphic to its cohomology algebra with zero differential ( corresponds to the projection map G = ‫ޚ‬ p → ‫ކ‬ p ⊆ k, as a generator of H 1 (G, k) = Hom cont ‫ޚ(‬ p , k)). According to our Theorem 9, we therefore obtain that H composed with the pullback along the above quasiisomorphism is an equivalence of triangulated categories 
